
1. 

2. 

L I T E R A T U R E  C I T E D  

G. B. Pe t razh i t sk i i ,  E. V. Bekneva,  V. A. Bra i lovskaya ,  and N. M. Stankevich, nCalculation of the flow 
and heat  t r a n s f e r  in f ree  motion of a liquid in a hor izonta l  annular  channel, n Vestal  Ltvov. Poll tekh.  
Inst. ,  Vopr.  ]~ lek t ro -Tep lo~nerg . ,  No. 46 (1970). 
V. I. Polezhaev,  nUnsteady laminar  heat convection in a c losed cavity with p r e s c r i b e d  heat f lux," 
Izv. Akad. Nauk SSSR, Mekh. ZhidlL Gaza, No. 4 (1974). 

A N A L Y T I C A L  I N V E S T I G A T I O N  O F  T H E  S O L I D I F I C A T I O N  

P R O C E S S  O F  A L I Q U I D  M E T A L  IN C O N T I N U O U S  C A S T I N G  

U N I T S  

L .  N.  M a k s i m o v  a n d  A.  N.  C h e r e p a n o v  UDC 669.147 

We cons ider  the fully es tabl ished p roce s s  of the solidificaiion of a flat  continuous ingot in a cooling sys tem 
with a l iquid-meta l  h e a t - t r a n s f e r  medium, filling the gap between the sur face  of the ingot and the wa te r -coo led  
wall of the c ry s t a l l i z e r  (Fig. 1, where  1 is the ingot; 2 is the l iquid-metal  h e a t - t r a n s f e r  medium; 3 is the wall; 
4 is the cooling medium; and 5 is a capi l lary  packing). Here  we shall  a s sume  that  the ex te rna l  water  cooling 
can be regula ted  along the ingot, for example,  by sect ional  heat removal .  The p resence  of a l iquid-metal  hea t -  
t r a n s f e r  medium between the sur face  of the ingot and the wa te r -coo led  wall excludes the format ion of a gas 
gap, which makes  it possible  to inc rease  the ra te  of the cooling p roces s ,  making it uniform around the p e r i m -  
e t e r  of  the ingot. 

We a s sume  that  the t r a n s f e r  of heat along the Z axis due to the rma l  conductivity can be neglected in 
compar i son  with convective heat t r a n s f e r  [1] and that  the t em p e ra tu r e  of the metal  in the liquid phase is equal 
to the c rys ta l l iza t ion  t e m p e r a t u r e .  Under these  conditions, we shall take account of the effect  of heating of the 
mel t  by a corresponding inc rease  in the latent  heat  of fusion in the approximation of the Stefan condition. 

w If the width of the ingot is much g r e a t e r  than its thickness ,  then the solution of the problem posed 
will depend only on the two var iab les  x and z. We se lec t  a Car tes ian  sys tem of coordinates  with the Z axis 
lying in the plane of s y m m e t r y  of the ingot and as the origin of coordinates  we take the point of in tersec t ion  of 
the Z axis  with a plane pass ing through the point of the s t a r t  of crys ta l l iza t ion.  Taking account of the a s sump-  
t ions made above, the equation de termining  the t e m p e r a t u r e  distr ibution in the solid phase has the form 

pvC ~z = -~x f ~ ar'~.~x }, (i.i) 

where  v is  the veloci ty;  p is the density; C is the heat  capacity; and k is  the t he rma l  conductivity of the ingot. 

We wri te  the boundary condition at  the sur face  of the ingot in the form of the Newton-Richman  law 

~ar  : --  k (T [=ffi:.-- TM(z)), (1.2) 
~X X~Z,  

where  2x 0 is the thickness  of the ingot; TM is the t em p e ra tu r e  of the cooling medium (water),  which is a s sumed  
to be a given function of the coordinate z; k = (RH+ Rw+ R r) is the h ea t - t r an s f e r  coefficient;  RH and R w a r e  the 
t he rma l  r e s i s t ances  of the l iquid-meta l  h e a t - t r a n s f e r  medium and the wall; and Rr  is the ex te rna l  heat r e s i s -  
tance.  

At the c rys ta l l iza t ion  sur face ,  the following conditions must  be observed:  

~ a7' L-=-~(z~az = x*PcV~' (z); (1.3) 
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TJx=r - -  Tc; (1.4) 
~(0) = Xo, ~(h) = O, (1 .5)  

t (P~C~) m ATsup, ~ is the la tent  heat  of fusion; ATsu  p is the superhea t  of the mel t ;  (PlC1)m where  ~* = • 2 Pc 

is  the mean  value of the product  of the densi ty  by the heat  capacity of the liquid phase;  T c is the c ry s t a l l i z a -  
tion t e m p e r a t u r e ;  Pc  is the densi ty  of  the sol id phase  with T = T c ;  ~ (z) is  the c rys ta l l i za t ion  sur face ;  h is the 
depth of the liquid cz~ater [the p r i m e  in (1.3) means  different ia t ion with r e spec t  to z]. 

Going o v e r  to the Kirchhoff  v a r i a b l e  

we write Eqs. (1.1)-(1.5) in the form 

T 

(1.6) 

vpC aO a~(~, 
Z a., (~: ,  (1.7) 

(1.9) az x=~(:) 

el~=~(,)---- O; (I.I0) 
~(o)  = Zo,  ~(;,) = o .  (1.11) 

For  this  purpose ,  the t h e r m a l  con- Condition (1.8) was obtained by l inear iza t ion  of re la t ionship (1.2). 
ductivi ty ~.(T), s tanding under  the in tegral  sign in (1.6), was replaced  by i ts  mean value k m in the in te rva l  of 
t e m p e r a t u r e  change under  considerat ion.  In tegra t ing  (1.6) for ~, (T) = k m ,  we find the value of | at  the point 
X = X 0 :  

el~=x.= ~n (rl~=,.-- Tc). 

E x p r e s s i n g  the t e m p e r a t u r e  T I x =x 0 f r o m  this ,  and substi tuting its value into (1.2), we obtain express ion  
(z.s). 

For  some  me ta l s ,  the t h e r m a l  diffusivi ty k / p C  =a is a weaker  function of the t e m p e r a t u r e  than that  
de te rmin ing  its t h e r m o p h y s i c a l  quant i t ies  p, C, and ~ ; t he re fo re ,  with a sufficient  degree  of accuracy ,  it can 
be r ega rded  as  constant .  In the genera l  case we shal l  se t  

a m = k/pC, 

where  a m is the mean  value of the t h e r m a l  diffusivity.  

We br ing Eqs.  (1.6)-(1.11) into d imens ion less  form,  taking as c h a r a c t e r i s t i c  quanti t ies  x0, Tc, ~c, Cc, 
where  X c and C c a r e  the t h e r m a l  conductivity and the heat  capacity,  r e spec t ive ly ,  for  T =T c. Denoting d imen-  
s ion less  quant i t ies  by a s t roke  above,  we obtain 

= .I 
i 

jf 

y~ j 2  

E~ 
I--i 

4 

E 

Fig. 1 
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P c - - :  = a m �9 ( 1 . 1 3 )  
az oz  ~ ' 

a~ 
~=~= L=, = -  Bi (~m 0 l~,=, =F | -- 7'M); (1.14) 

a~  L ~  - 
= • Pe ~'(~); (1.15) 

0~=~ = O; ( 1 . 1 6 )  

~o)  = i ,  ~(-hj = o, (1 .17)  

t~c Cc)) k= o 
where  Pe  = ~c is the P~ele t  number ;  Bi = -~c is the Biot number .  

The solution of Eq. (1.13) under  the conditions (1.157, (1.16) can be r e p r e s e n t e d  in the fo rm of an expan-  
sion in s e r i e s  analogously  to [2]: 

O(x, z) = "7 x* Pe ' ai+l [z - -  ~ (z)] :i+2. (1.18) 
azi+ ! 

Here  and in what follows the s t r oke  above d imens ion les s  quanti t ies  is omit ted.  

F r o m  re la t ionsh ip  (1.18), taking account  of condition (1.14), for  de te rmin ing  the function ~(x) we obtain 
the equation 

~ : ~ , , m l  (2~-~) i  ~ ( I - -  + ~,, ,(20!a~, :" j = ~*-~~ (! - . r\,). (1.19) 

For  a given value of the function TM, Eq. (1.19) mus t  be in tegra ted  taking the conditions (1.17) into cons ide ra -  
tion. 

The obtained equation {1.19) can be used  conveniently for  solution of the i nve r se  p rob lem (finding the law 
of the cooling of the ingot) for  a given fo rm of the c rys ta l l i za t ion  su r face  ~ (z) and a given depth of the liquid 
c r a t e r  h. 

We shal l  c a r r y  out the invest igat ion for Bi = const and TM = const.  In this case,  l imit ing ou r se lves  to the 
f i r s t  t e r m  in (1.19), taking account  of the f i r s t  condition of (1.17), we find 

1/2 mAr (1.20) 
(z) = i + ~ -  - -  y x--7-~-~p e Z __ Bi" 

where  AT =1 - T M ,  or ,  r e t u r n i n g t o d i m e n s i o n l e s s  quanti t ies,  we wr i te  (1.20) in the fo rm 

~m 1 / a m a r  x :  
~(z)---- xo k V X*PcV z + - ~ - .  (1.21) 

For  an infinitely high ra te  of  hea t  r em ova l  (k-* oo), exp res s ion  (1.21) coincides in fo rm with the well-known 
" s q u a r e - r o o t  ~ law for  the Stefan p r o b l e m  [3]: 

r = z .  - r = ~V~.  

where  ~l(z) is the th ickness  of the sol id phase ;  fl = (2~mAT/~t*pcV) u2. Satisfying (1.20) and the second condition 
of (1.17), we find the depth of the liquid c r a t e r  

h : (i + 2~,m/Bi) x*Pe 
~rnar  

or ,  in d imens ional  quant i t ies ,  

h ----(i/2)A (i + 2b/xo) x~v, (1.22) 

A = ~mAT/x*p c, b = Xm/k. 

F r o m  th is  it is apparen t  that  the value of h is d i rec t ly  p ropor t iona l  to the ra te  of  pulling of the ingot and, 
for x0/2b >>1, v a r i e s  as  the square  of the th ickness  of the ingot. In the case x0/2b <<1 (a weak ra te  of hea t  r e -  
moval) ,  the depth of the liquid c r a t e r  depends l inear ly  on the th ickness  of the ingot. 
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T h e  r a t e  of  c r y s t a l l i z a t i o n  Vc i s  c o n n e c t e d  wi th  the  r a t e  of  pu l l i ng  v by t h e  r e l a t i o n s h i p  [41 

v c = v sin ~, 

w h e r e  ~ i s  t h e  a n g l e  be tween  the  d i r e c t i o n  of  the t a n g e n t  a t  s o m e  poin t  of  t he  c r y s t a l l i z a t i o n  s u r f a c e  and the 
z a x i s .  S ince  sin(p = - -  ~'(z){i d- [~'(z)l~}-l, t h e n  

V d = - -u~ ' ( z ){ |  -~- [~'(Z)12} - l .  (1.23) 

F r o m  (1.21) we have  

~'(z)  = A ( 2 A z  -i- vb')  -~. (1.24) 

Subs t i t u t i ng  (1.24) in to  (1.23), and go ing  o v e r  to the  v a r i a b l e  y = z / h  w h e r e  h i s  de f ined  b y  e x p r e s s i o n  (1.22), we ob ta in  

v c = A [ ( x ~  --t- 2bx0) Y -{- b 2 + (A/v)"-]-':'"-. (1.25) 

F o l l o w i n g  [4], we de f ine  the  l i m i t i n g  c r y s t a l l i z a t i o n  r a t e  Vc* a s  the  l i m i t  of the  v a l u e  of  Vc a s  k,  v--* ~.  F r o m  
(1.25) we have  

v c = A / x o y  l/z. 

Thus ,  t h e  v a l u e s  of vc and Vc* d e c r e a s e  m o n o t o n i c a l l y  a long  the c r y s t a l l i z a t i o n  s u r f a c e .  A t  the  po in t  
y = l  

= v i i  = A / X o .  (1.26} 

T a k i n g  accoun t  of  (1.26),  r e l a t i o n s h i p  (1.25) can be r e p r e s e n t e d  in the  f o r m  

v c = VVc[ {[(t -~ 2b/xo) y + (b/xo) ~1 v 2 -.{- Vc~ l -uz ;  (1.27) 

c o n s e q u e n t l y ,  the  v a l u e  of  v c - ' 0 ,  both a s  k -*0  (b--- r and  a s  v - * 0 .  At  the  po in t  y =0,  a s  k ~  .o(b- -0) ,  Vc-* v. 
E x p r e s s i o n  (1.27) fo r  y = 1 and  a s  k--*~(b--*0) c o i n c i d e s  in f o r m  with the  f o r m u l a  of  [4]. 

We g ive  the  r e s u l t s  o f  a c a l c u l a t i o n  of the  p r o c e s s  of  s o l i d i f i c a t i o n  o f  an a l u r a i n u m  ingot  wi th  a t h i c k n e s s  
of  5 �9 10 -3 m a t  AT =620~ A T s u  p = 40~ Xm = 208; )r = 100; Pc = 2.53 �9 10a; a n d o f  a t i t a n i u m  ingot  with a t h i c k -  
n e s s  of  0.2 m a t  AT = 1620~ A T s u  p = 300~ Xm = 23; y.* = 122.17; p c = 4.2" 103 [ k ,  k c a l / ( m  �9 h �9 ~ p,  kg /ma ;  
w., k c a l / k g ] .  F i g u r e  2 g i v e s  d e p e n d e n c e s  of the  r e l a t i v e  depth  of t he  l iqu id  c r a t e r  on the  P e  n u m b e r  [dashed  
l i n e s  r e l a t e  to the  a l u m i n u m  ingot :  cu rve  1) B i =  ,% 2) Bi = 0.464; s o l i d  l i n e s  r e l a t e  to the t i t a n i u m  ingot:  cu rve  
1) Bi = co, 2) Bi  = 4.2]. F i g u r e  3 i l l u s t r a t e s  the  change in the  r e l a t i v e  c r y s t a l l i z a t i o n  r a t e  a long  the f ront  of the  
s o l i d i f i c a t i o n  of a l u m i n u m  and  t i t a n i u m  ingo t s  for  d i f f e r e n t  v a l u e s  of  t h e  Bi  n u m b e r  (the n u m e r i c a l  v a l u e s  and 
the  d e s i g n a t i o n s  of  the  c u r v e s  a r e  the  s a m e  a s  in F ig .  2). 

We note  tha t  the  a n a l y s i s  m a d e  of the  so lu t ion  found was  l i m i t e d  to t ak ing  a c c o u n t  only  of the  f i r s t  t e r m  
of  the  s e r i e s ;  h o w e v e r ,  the  f o r m u l a s  o b t a i n e d  r e f l e c t  with q u a l i t a t i v e  c o r r e c t n e s s  the b a s i c  l aws  of  the  s o l i d i -  
f i ca t ion  p r o c e s s  d e s c r i b e d ,  which  fo l lows f rom a c o m p a r i s o n  be tween  t hem and  knoxx~ s o l u t i o n s  [1, 2, 4]. In 
a c o n t r o l  e x a m p l e ,  t a k i n g  a c c o u n t  of  the s e c o n d  t e ~ n  of  the  s e r i e s  gave  a c o r r e c t i o n  in the  s econd  f igu re  a f t e r  
the  c o m m a .  U n d e r  t h e s e  c i r c u m s t a n c e s ,  in v iew of the  n o n l i n e a r i t y  of  d i f f e r e n t i a l  equa t ion  (1.19), the  so lu t ion  
cannot  be r e p r e s e n t e d  in a n a l y t i c a l  fo rm and i t  i s  n e c e s s a r y  to b r i n g  in n u m e r i c a l  m e t h o d s .  

A connec t ion  be tween  the t e m p e r a t u r e  and the quan t i t y  | z) i s  e s t a b l i s h e d  by the r e l a t i o n s h i p  (1.12). 
To ob ta in  an e x p l i c i t  d e p e n d e n c e  of  the  funct ion T on the  v a r i a b l e s  x and z, the  c o n c r e t e  dependence  of the 
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t h e rma l  conductivity on the t empe ra tu r e  must  be given. Within a r a t h e r  bread in terval  of change in the t em-  
pe ra tu re ,  this  dependence can be approximated  by a l inear  law:  

x(/')  = ~ + o r .  (1 .28)  

Substituting (1.28) into (1.12) and ca r ry ing  out appropr ia te  t r ans format ions ,  we obtain 

T ( x ,  z) = --  ~/o + 1/(t  + p/o) 2 + 20(x, z)/o, (1.29) 

where | z) is de te rmined  by the re la t ionships  (1.18) and (1.19). With an accu racy  up to the f i r s t  t e rm  of 
the s e r i e s  in (1.18), (1.19) we have 

( ~.m/Bi4-i--x ) O(x, z) = -- krnhT i -- V--~z ~-~m~ s , A, = 2tmar/• (1.30) 

Thus, the temperature distribution in the solid phase of the ingot in the region 0-< z <- h will be determined by 
the relationships (1.29) and (1.30) with a linear law of the change of the thermal conductivity as a function of 
the temperature (1.28). In the general case, for a given dependence of k on T, close to the real dependence, 
a polynomial of higher degree can be used or a piecewise-linear approximation can be adopted. 

An important characteristic of the process of the crystallization of a continuous ingot is the rate of 
cooling at the crystallization front VH =l aT/0~x = ~, where the time t is defined in terms of the instantaneous 
coordinate z and the pulling rate by the relationship 

t = z lv .  (1.31) 

Bear ing  in mind that 0@/SZ]x= ~ =~T/~z]x= ~ , f rom (1.18) we find 

!OT/Oz[..::~ = x* Pelt'(z)] 2. (1.32) 

Or, re turning to dimensional  quanti t ies in (1.39.), and taking (1.9.4) and (1.31) into considerat ion,  we ob t a in  

Xm(rc-  r,~ )-~ 
vr = X*pck c (zo -- ~ 7 Zrn/k)2' (1.33) 

where  ~ (z) ts  deemed by express ion  (1.20). 

It follows f rom (1.33) that  the rate  of cooling at  the crys ta l l iza t ion front,  with the above hea t - t r ans f e r  
law, does not depend on the ra te  of pulling and is de te rmined  by three  factors :  the thickness of the ingot, the 
physical  p rope r t i e s  of the metal ,  and the cooling ra te .  The grea tes t  value of the quantity under considerat ion,  
VH, occurs  at the point z = 0, dec reas ing  with the square  of the thickness of the scale forming on the ingot: 

~eff ( z )  = x o - -  ~(z)  q -  ~,rn/k. 

F r o m  Eq. (1.39.), taking account  of (1.9.3) and (1.33), we obtain a relat ionship connecting the cooling ra te  
at the crys ta l l iza t ion  front with the crys ta l l iza t ion  ra te .  In dimensional  quanti t ies we have 

x'Pc o~V2c 
UT ~ ~'C V2--  V2" 

It  is obvious that,  for  constancy of the value of v H over  the whole crys ta l l iza t ion front, the crystal l izat ion 
ra te  must  a lso be a constant quantity. 

Below we obtain the cooling conditions for which the above quantit ies a re  constants.  To this end, we take 

t_ = I - -  y ,  y = z /h ,  (1.34) 

assuming that the t empe ra tu r e  of the cooling medium [or the Bi(y) number] is an unknown function of y. Sub- 
sti tuting (1.34) into (i.18) and ca r ry ing  out appropr ia te  t rans format ions ,  we obtain 

0 (x, y) = :r m . "~T [~ (x --  t -4- Y)I i, ~ = P e l h a m .  
i = l  

The Latter can be r ep re sen t ed  In the fo rm 

O(x, y) --=- X*am{l --  exp l~z  - -  I + y)]}. (1.35) 

Express ion  (1.29), taking account of (1.35), de te rmines  the t empera tu re  distr ibution in the scale forming 
on the ingot. Differentiat ing the function | y) f rom (1.35) with respec t  to x, we find the heat flux q(x, y) 
along the X axis  a t  an a r b i t r a r y  point (x, y) of the solid phase:  

q(z, y) = ~ - ~  exp lp (x--  t +Y)]. 
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F r o m  this  it follows tha t  a t  the c rys ta l l i za t ion  su r face  x = 1 - y the value of the heat  flux q r e m a i n s  constant,  
which is in a g r e e m e n t  with condition (1.15). F r o m  re la t ionships  (1.14)-(1.17), taking account  of (1.34), we find 

sm exp re s s ion  for  the depth of the liquid c r a t e r :  

h = • (1.36) 

where  q0= Bi(0)[1--TM( 0)] is  the value of the hea t  flux at the point of the s t a r t  of c rys ta l l i za t ion  (x = 1, y = 0). 

The dis t r ibut ion of the hea t  flux ove r  t h e s u r f a c e  of the ingot (x= 1) has  the fo rm 

ql = (• . 

:From:th is  i t  i s : a p p a r e n t  that  the ~ a l u e  of ql(y) for the fo rm of  the l iquid c r a t e r  (1.34) is a monotonical ly  
~cising function of the ,coord ina te  y .  Consequent ly ,  the r a t e  of ex t e rna l  heat  r e m o v a l  m u s t  r i s e  along the d i r ec -  
t ion of the mot ion of the ingot. Such cooling conditions can be a s s u r e d  by an i nc r ea se  in the h e a t - t r a n s f e r  co- 
eff icient  o r  a lower ing of the t e m p e r a t u r e  of the cooling med ium along the coordinate  y. We note tha t  in the 
case  T M = const,  Bi=const~ the heat  flux qj(y) is a monotonical ly  dec reas ing  function of y [see (1.30)]. 

F r o m  condition (1.14), we de t e rmine  the law of change in Bi(y) [or TM(Y)] r equ i r ed  for the r emo v a l  of the 
heat  flux ql(Y)" The expres s ion  for  Bi(y) for  a given value of the function TM(Y) has  the f o r m  

Bi(y) = ql[l -~ a ( t  - -  e~u ) - -  T~(y)] -I, ~ = ~ m '  

where  h is de t e rmined  by the re la t ionship  (1.36). 

F o r  a pos i t ive  value of Bi(y) we m u s t  impose  the condition 

I + a ( l  - -  e~)  ~ T~(y), (1.37) 

meaning  that  the t e m p e r a t u r e  of  the su r face  of the ingot cannot be lower  than the t e m p e r a t u r e  of the cooling 
medium.  Substi tuting into (1.37) the e x p r e s s i o n  for h and ca r ry ing  out app rop r i a t e  t r an s fo rma t ions ,  we obtain 
upper  l imi t s  on the value of q0, for which the solution under considerat ion exis ts :  

qo <~ U'am ln{i § ~-qi--TM(h)|}.  

The ra te  of c rys ta l l i za t ion  v c is de t e rmined  f rom (1.23), taking account  of (1.34) and (1.36): 

V c = V[l + (u*Pe/qo)2l -'. 

F o r  the d imens ion les s  cooling ra te  at the c rys ta l l i za t ion  front  VH, f r o m  (1.32), (1.34), and (1.36) we have 

VH---- q~/• 

w The known solut ions of the Stefan p r o b l e m  [2, 3, 5], as  a rule ,  contain the a s sumpt ion  of the equality 
of the t e m p e r a t u r e  of the me l t  ove r  the whole volume of the liquid phase  and the c rys ta l l i za t ion  t e m p e r a t u r e .  
However ,  under  r ea l  conditions, the t e m p e r a t u r e  of the liquid meta l  exceeds  the c rys ta l l i za t ion  t e m p e r a t u r e  
by the amount  of the superhea t  of the mel t ,  which has  an effect  on the r a t e s  of sol idif icat ion and the t e m p e r a t u r e  
d is t r ibut ions  in the solid phase.  

A r igo rous  solution of the p r o b l e m  of the solidif icat ion of an ingot in the p r e s e n c e  of superhea t ing  of the 
me l t  is connected with the necess i ty  of in tegrat ing the equation of t h e r m a l  conductivity for  the liquid and solid 
phases  with the Stefan condition at  the in te r face  between them and it is n e c e s s a r y  to br ing in n u m e r i c a l  methods 
of solution. 

We shal l  give the der iva t ion  of the Stefan condition, approx imate ly  taking account  of the heat  flux due to 
superhea t ing  of the mel t ,  for the ease  of the sol idif icat ion of continuous ingots and ingots of l imi ted  volume.  

In the case  of a continuous ingot, we shal l  s t a r t  f rom the s a m e  as sumpt ions  as above.  Then the Stefan 
condition a t  the phase  in te r face  with superhea t ing  of the me l t  has  the fo rm 

[.~ ~ - .~,~-. ]._~(~) xpr (~). ( 2 . 1 )  

Here  the subsc r ip t s  1 and 2 denote quanti t ies  re la t ing  to the liquid and sol id phases ,  r e spec t ive ly .  The r e m a i n -  
ing notation is the s a m e  as  above.  

The equation of the  t h e r m a l  conductivity for the liquid phase  

C or, t ax } 
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is  in tegra ted  with r e s p e c t  to x f r o m  0 to ~ (z), p rev ious ly  mul t ip lying i ts  l e f t -  and r igh t -hand  s ides  by x v , 
where  v = 0 in the case  of a f lat  ingot and v = 1 in the case  of  a cyl indr ical  ingot. Taking account  of the condition 
of s y m m e t r y  3T1/aX]x=0, we obtain 

[~ 01",'t (ClP,)m v ~ OT~ xvdx 
�9 ~x O z  ]x=~r  = ~ d - ~ - z  " ( 2 . 2 )  

0 

Here  we t ake  the value of Clp 1 equal  to i ts  mean  value in the in te rva l  of  t e m p e r a t u r e  change under  d iscuss ion .  

We r e p r e s e n t  the e x p r e s s i o n  

in the f o r m  

zv dz 
0 

C o7, _ o 
"~z XVd"~ = "~z J TlXVdx-- Tc~V~" (2.3) 

0 0 

Replac ing  the quantity T1, standing under  the in tegra l  sign in the r ight -hand side of exp re s s ion  (2.3), by 
its mean  value in the volume of the liquid phase ,  we find 

o ~ Ttzvdx ~, eve, - -  j = ~ , m o  s .  ( 2 . 4 )  dz 
0 

Assuming  fu r the r  that  T i m =  (To+ Tc)/2 , where  T o is the t e m p e r a t u r e  of the mel t  a t  the point z =0, x=  0, 
and subst i tu t ing (2.4) into (2.3), we obtain 

r 

t x v d x  = ( T i n  - 
(9.5) 

0 

Taking account  of  e x p r e s s i o n s  (2.2) and (2.5), condition (2.1) a s s u m e s  the form 

[~,OT,] = Ix (C,P,}m ] 
,-~-x ix=}( O Pc v + ~ (T O - -  T c ) j  ~' (z). (2.6) 

Introducing the ef fec t ive  value of the  la tent  hea t  of fusion 

, (C ,o , )  . -  
x* = • T - - - - - ~ ( r o - -  T c ), 

2Vc 
we r e p r e s e n t  re la t ionsh ip  (2.6) in the f o r m  

[k20TJ Ox ]~=e(,) = 0r v• ~'(z). 

In the case  of the sol idif icat ion of a l imi ted  volume,  the der iva t ion  will be analogous to the preceding,  if, in- 
s tead  of the  coordinate  z, we introduce the t ime  t = z / v .  

Thus,  taking account  of the superhea t ing  of the me l t  is  equivalent  to an i nc rea se  of the la tent  heat  of 
fusion by an amount  p ropor t iona l  to the superhea t ing  of the liquid phase  with a coefficient  of  propor t iona l i ty  
equal  to (C lP l )m/2P  c. 

The authors  e x p r e s s  the i r  thanks  to V. T. Bo r i sov  for  his  valuable  evaluat ion of the work.  
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